Abstract-An analytical study of artificial materials created by embedding spherical nano-particles in an infinite homogenous medium is presented in this paper. Propositions by various contributors to this area of the nanomaterials' field have been compared with respect to their approaches in finding the effective constituent parameters, over wide frequency ranges. Their closed form equations were examined to check if their results were reproducible. Some of the main variables affecting the characteristics of these structures were varied individually to understand their role in determining the effective constituent parameters of the mixture. Finally, a choice was made on the most consistent proposition for examining structures created from nanomaterials.
I. INTRODUCTION
Since the work carried out by Lewin in 1946 on finding the electrical constants of a material loaded with spherical particles [1] , considerable interest has been shown [2] - [10] in creating artificial materials that otherwise will not exist. Lord Rayleigh [2] appeared to be the first to examine how the properties of a medium are affected when obstacles are placed in it. However, more commonly cited and used for related problems is the analysis carried out by Lewin [1] . His analysis is a strong basis for the work carried out on using nanoparticles to build antennas and dielectrics without having to work with already established materials but 'creating' new materials that can provide the constitutive parameters, losses and other characteristics pre-determined for the whole antenna system to have. This method has the potential ultimately of integrating the whole antenna structure into one process.
Starting from Lewin's work one can formulate a basis for a combination of a variety of structures with bespoke electromagnetic (EM) parameters (notably highly conducting or highly dielectric) that can be integrated to form complete antennas and circuits. Fig. 1 above shows what our intended antenna structure might look like. Larger structures (~mm) can be made by suitably arranging these extremely small nano-particles (metallic and/or non-metallic), thus allowing resonance at microwave frequencies to be possible. Fabrication and physical advantages include potentially faster fabrication processes and reduced production costs [10] . Using nanomaterial fabrication methods will enable novel and bespoke substrate properties, by controlling the size and volume ratio of the particles. Electromagnetic advantages This paper compares the analyses by various authors in this field, to get a canonical solution for one or more layers of differing characteristics, synthesizing their properties should the need for having a graded layer arise. This solution will form a starting point for further work to be done in achieving artificial materials suitable for microwave frequencies.
II. THEORETICAL ANALYSIS REVIEW
A general mathematical expression for electric permittivity, magnetic permeability, electrical and thermal conductivities, and particle diffusivity is given for particle-embedded mixtures in [3] as
where K 1 , K 2 and K m are the appropriate parameters of the inclusions, the host medium and the mixture respectively; p is the total volume fraction of the spheres, and is given as described in the text below equation (2) . ‫ܭ‪ሺ‬ܥ‬ ଵ ǡ ‫ܭ‬ ଶ ǡ ‫‬ሻ represents corrections for higher-order multipole terms as a result of the decomposition of the scattered field [1] , [11] .
A. Lewin's Analysis [1] Lewin studied a homogenous medium within which were embedded spherical particles, with uniform spacing, (centreto-centre), s and radius, a, in order to determine the effective permittivity (İ) and permeability (ȝ) of the mixture. He did this by summing the total scattered field within the mixture using an approximation of Stratton's equation in [11] , which deals with the scattering of electromagnetic waves by a sphere. The analysis assumes that the particles are uniformly spaced in a cubic lattice. The effective properties of the mixture are defined in (2) while those of the particle are defined in (3).
where ሺߝǡ ߤሻǡ ሺߝ ଵ ǡ ߤ ଵ ሻ and ൫ߝ ǡ ߤ ൯ are the permittivity and permeability of the mixture, host and particles respectively, and
Τ is the particle volume ratio. Also,
where ߝ ଶ and ߤ ଶ are the parameters of the particle's bulk material, ߠ ൌ ݇ ܽ ξ ߤ ଶ ߝ ଶ , vacuum wave number, ݇ ൌ ʹߨ ߣ Τ , and ߣ is the free-space wavelength. The validity of his study is restricted to high frequencies as long as the size of the particles is much smaller than the wavelength and the particles are not densely packed.
B. W. T. Doyle [4] and X. Cai et al's [5] Studies
By decomposing the scattered field from an incident wave on a sphere into multipole terms [1] , [4] , and applying the correct boundary conditions at the surface of the sphere [11] , the electric and magnetic scattering coefficients can be obtained. The mth order electric and magnetic scattering coefficients are given by:
and
respectively, where ߰ and ߦ are the Riccati-Bessel functions related to the spherical Bessel functions by ߰ ሺ‫ݖ‬ሻ ൌ ‫݆ݖ‬ ሺ‫ݖ‬ሻ and ߦ ሺ‫ݖ‬ሻ ൌ ‫݄ݖ‬ ሺଵሻ ሺ‫ݖ‬ሻ [4] , [11] . The prime ሺƍሻ implies differentiation with respect to the arguments and is given in [12] by:
where ݂ ሺ‫ݖ‬ሻ is any of the spherical Bessel functions. Ref. [4] defines n in (4) and (5) as the ratio of the complex refractive index of the particle to the real refractive index of the host medium ݊ while [5] defines it as just the refractive index of the particle. Also, the size parameter, x, is defined in [4] as ݇ ܽ݊ , and in [5] as ݇ ܽ, where a is the sphere's radius. The effect of the electric and magnetic fields on the particles is equivalent to dipoles having effective electric, ߙ ଵ and magnetic, ߚ ଵ dipole polarisabilities [1] , [4] , accounting for each of the multipole terms present in the scattered field, as depicted in the scattering coefficients.
Both studies quote the Clausius-Mossotti equation for effective ߝ and ߤ of the mixture differently; [4] states it as:
where . Just the first term of the coefficients' series is retained because it is assumed that the particle radius is much less than the wavelength in the host medium. Another difference in these analyses is that the EM properties of the host was accounted for in [4] but not in [5] . However, they both follow the condition that the spacing and radius should be smaller than the wavelength. The example in [5] was reproduced (not shown).
C. Other Contributors [6]-[8]
The analysis in [6] examines "identical conducting obstacles in a regular three-dimensional pattern", held by a lightweight binder, as an artificial dielectric. The formulas derived for the effective ߝ and ߤ of the mixture use Lorentz Theory, assume symmetrical obstacles and a cubical lattice pattern, consider only dipole interactions and is valid only where the size of the obstacles are smaller than their spacing. These formulas are: where ߝ and ߤ are the effective permittivity and permeability of the mixture, ߙ ǡ ߙ are the obstacle's electric and magnetic polarisabilities respectively given as a function of its size and shape, N is defined as above and C is the interaction constant given by:
where a, b and c are the spacing of the obstacles in the x, y and z directions respectively, ‫ܭ‬ ሺȉሻ is the modified Bessel function of the second kind. The approximation for effective ߝ and ߤ for metal particles in [1] is the same as that for spherical obstacles in [6] when ߙ ǡ ߙ , and are substituted with their equivalent equations.
Reference [7] starts from first principles and derives the expressions for effective ߝ and ߤ as
where ߙ is the dipole polarisability given by ߙ ൌ ܸሺߢ െ ߢ ሻ͵ߢ Ȁሺߢ ʹߢ ሻ , n is number density of the spheres (m -3 ), ߢ ǡ ߢ are the host and inclusion's permittivity (or permeability) respectively, and V is the volume of the sphere. Equation (10) quoted as the Clausius-Mossotti equation, differs from (7) by the presence of the host's properties in it and can be reordered to give an equation similar to those in [1] . Common to these two analyses is the absence of any frequency-dependent term in their equations.
Reference [8] extended the work in [7] by adding that the number densities, electric and magnetic polarisabilities of the spheres will differ for electric and magnetic resonance modes, and investigates them by using two spheres of different radii.
III. GRAPHICAL RESULTS
The formulas from these reviewed authors [1] , [4] - [8] were compared with respect to frequency. The values of the EM parameters shown in the graphs are all relative values. Data used: a = 50 μm, s = 100 μm, permittivity of the particle, İ2 = 4.9(1-j0.025) (FR4), permittivity of host, İ1 = 1.05 (Polyfoam), permeability of host, μ1 = μ2 = 1, frequency range: 1-500 GHz. The values shown above in Fig. 2 are the absolute values of the parameters. From these graphs, the representations by [1] and [8] agree while that of [4] and [5] produce different values albeit with the same trend. References [4] and [5] typically agree when ߝ ଵ ൌ ͳ. If this value is changed, values from [5] will remain the same while those from [4] will change accordingly.
A. Further Studies
In order to understand how the different components of the defining equations affect the effective parameters of the mixture, parametric studies were carried out.
1) Particle Size, a:
Keeping frequency at 1GHz, spacing, s at 1 μm, while varying the radius of the particle from 0.1 to 0.5 μm, the effective ߝ and ߤ of a mixture with (a) an air and (b) a dielectric host medium was obtained as shown in Fig. 3 below. Even though μ 1 = μ 2 = 1, effective μ reduces with increase in the particle volume fraction. The permittivity of the metal (in this case, Copper) was obtained from first principles using the Drude model [13] . The equations from [1] , [4] and [8] were used to obtain the values used in Fig. 3 above. These values did not vary significantly from each other and thus a near-average was used in the graphs. However, [5] varied by nearly a multiple of the ߝ and ߤ of the host medium, thus only agreeing when the host was air.
2) Particle Spacing, s: With frequency at 1GHz, particle size of 5 μm, the spacing was varied from 10 -30 μm using equations from [1] , [4] - [8] . Fig. 4 Variation of effective İ and μ with particle spacing for dielectric host, İ1=1.05, and metal particle, İ2= (1.27-j103 .53)·10 6 Fig. 4 shows that all the formulations agree except for the effective permeability obtained from [6] (····) in which effective μ increases to 1 with increase in spacing.
3) Particle Permittivity, ߝ ଶ : The effect of changing the permittivity of the particle is changed from 1 to 200, while keeping a = 5μm, s = 15μm, İ 1 = 1.05 and frequency at 1GHz, is shown below in Fig. 5 , using equations in [1] , [4] , [5] , [8] . The result from [5] for the effective İ varies significantly from others as it does not account for the EM parameters of the host in its equations.
From these results, equations from [1] and [8] agree but differ slightly from that of [4] and [5] . Formulations from [4] seem to provide a more thorough analysis by the use of Bessel functions in its analysis, and takes into account all the dimensions and EM properties of the host and the inclusions. The results obtained are more closely in agreement with that obtained from [1] and [8] which are approximations of the Bessel functions for their magnetic and electric scattering coefficients. Thus equations from [1] or [8] and [4] will be used to a greater extent than those from [5] , [6] or [7] .
IV. CONCLUSIONS
Effective medium theories for obtaining the permittivity and permeability of mixtures containing evenly spaced spherical particles in a homogenous host medium has been examined for how they compared for different authors. The factors affecting these parameters have been studied for their individual effects. Some of the results from the reviewed papers were reproducible (although not included in this paper).
Future work will involve running FDTD (Finite Difference Time Domain) simulations of heterogeneous mixtures and using Inverse Scattering formulations [14] to extract their effective ߝ and ߤǤ Subsequently, these structures will be built, tested and measured to compare with the mathematical analysis and simulation results. 
